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Decoherence transforms a ballistic quantum walk into a diffusive classical random walk. After
each step the environment measures the particle’s path and the outside world gets to know the
which-way information. The relation between the which-way information and the classicality of the
spatial distribution is clearly visible in the multi-coin quantum walk in which the information about
particle’s path is encoded in the multi-coin degree of freedom. The more information is stored on
the coins, the more classical and diffusive the spatial distribution is. Here, we propose a generalized
version of the quantum eraser scenario that allows for complex erasure strategies. We show that
the which-way information can be erased from the coins and the ballistic features in the spatial
probability distribution can be recovered.
I. INTRODUCTION
In a classical random walk a coin is tossed and the
outcome determines whether a particle moves one step
to the left or right. Such a process generates a diffusive
spread and the corresponding spatial probability distri-
bution is Gaussian. After each coin toss the outcome is
recorded on some auxiliary system and, if these records
are available, the particle’s path can be traced back to
its initial position.
A quantum analogue of this process uses quantum
coins and quantum particles. The coin toss and the out-
come dependent shift leave the system in a superposi-
tion state of moving to the right with the coin showing
heads and moving to the left with the coin showing tails.
The basic feature of any quantum superposition is that
there is no information in the entire universe about the
exact value of a property whose eigenstates are super-
posed. Whenever such information is created, as a result
of some measurement, the superposition becomes a mix-
ture. However, as long as the state of the system is not
measured, the superposition exists and an interference
can occur. The interference is an important feature of
the quantum walk and is related to its ballistic spreading
[1–5].
The difference between a superposition and a mixture
becomes evident if one adds a decoherence to the quan-
tum walk model [3]. Decoherence transforms a ballis-
tic spreading into a classical Gaussian diffusion. During
this non-unitary transformation the environment gets to
know the particle’s path. However, there exists an alter-
native approach to decoherence in quantum walks. It is
a unitary multi-coin quantum walk [6, 7], which provides
an intuitive explanation of why the knowledge of the par-
ticle’s path is important. It uses many coins to control
the particle’s movement and if each step is governed by
a different coin, the resulting spatial probability distri-
bution is classical. This is because the particle’s path
∗Electronic address: pawel.kurzynski@amu.edu.pl
is encoded on coins and each possible path corresponds
to a different multi-coin state. As a result, the coin and
the spatial degrees of freedom become strongly correlated
and the reduced spatial state is a classical mixture at all
times.
The quantum walk is analogous to a sequence of inter-
ference experiments. The complex interference pattern
is observed after the particle passes through many layers
of slits, whose arrangement resembles the classical Gal-
ton board. However, if each slit were monitored by some
detector, the particle’s path would be recorded and the
final interference pattern would be lost. In this sense, the
multi-coin quantum walk resembles the monitored inter-
ference experiment in which the role of the detectors is
played by the coins. In this work we show that it is pos-
sible to erase the which-way information stored on the
coins and to recover the original interference pattern and
the ballistic spreading. The idea is based on the standard
double-slit quantum eraser scenario [8, 9]. We propose a
version of a multi-coin quantum walk to which a gener-
alized erasure scheme can be applied. It offers various
erasure strategies and allows to convert classical diffu-
sive probability distributions into ones exhibiting quan-
tum ballistic features.
Apart from investigating the relation between classi-
cal and quantum dynamics, our work contributes to in-
vestigations on measurement-induced effects in quantum
walks, which is a developing subfield within the quan-
tum walk studies. It was recently reported that quan-
tum walk dynamics radically changes if the measurement
is done in the middle of the evolution [10]. However,
measurement-induced effects date back to the seminal
quantum walk paper by Aharonov, Davidovich and Za-
gury [1] who showed that a special measurement of the
coin degree of freedom can result in a counterintuitive dis-
tortion of the spatial probability distribution. This effect
was further explored in one- and two-dimensional quan-
tum walks [11]. Another interesting example is an exper-
imental photonic quantum walk with a delayed choice
measurement of the coin [12]. The authors of this exper-
iment observed that different measurements of polariza-
tion, which encoded the state of the coin, lead to different
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FIG. 1: Spatial probability distributions of the Hadamard
walk (blue) and the classical random walk (orange) after 100
steps. The process starts at x = 0 and the initial coin state
of the Hadamard walk is 1√
2
(|0〉+ i|1〉).
spatial probability distributions.
We extend the above examples to measurements on
much larger Hilbert spaces. This allows for complex mea-
surement scenarios in which the wave function can col-
lapse in various different ways. In particular, we expose
the state engineering and the control capabilities of the
multi-coin quantum walk model. Due to strong entan-
gling properties of the evolution the manipulation of one
set of degrees of freedom can be used to change the state
of the other set. Such property can be particularly useful
for quantum walk based algorithms [13].
II. PRELIMINARIES
Discrete-time quantum walks
In this work we consider discrete-time quantum walks
(DTQWs) in one dimension. A standard version of this
model consists of a particle, whose position is determined
by a single integer (x ∈ Z), and a two-dimensional coin
described by a binary variable (c = 0, 1). The state of
the system takes form
|ψ〉 =
∑
x,c
αx,c|x〉 ⊗ |c〉. (1)
The one step of the evolution is governed by
U = S(1 x ⊗ C), (2)
where 1 x is the identity operator on the position space,
S is the conditional translation operator
S|x〉 ⊗ |c〉 = |x+ (−1)c〉 ⊗ |c〉 (3)
and C is a coin ’toss’ operator. The operator C is often
taken to be the Hadamard transformation H
H|0〉 = 1√
2
(|0〉+ |1〉), (4)
H|1〉 = 1√
2
(|0〉 − |1〉), (5)
therefore the corresponding DTQW is called the
Hadamard walk. If the initial state is |ψ0〉, the state
after T steps is given by
|ψT 〉 = UT |ψ0〉. (6)
The spatial probability distribution corresponding to the
above state
p(x, T ) = 〈ψT |(|x〉〈x| ⊗ 1 c)|ψT 〉, (7)
where 1 c is the two-dimensional identity operator on the
coin space, is strikingly different than classical Gaussian
distribution (see Fig. 1). Apart from its anti-Gaussian
shape, the DTQW distribution is ballistic, i.e., its stan-
dard deviation is proportional to T .
Multi-coin quantum walks
Next, we discuss the multi-coin quantum walk
(MCQW) that was introduced in [6, 7]. Here, we fo-
cus on a special case for which the number of coins is
equal to the number of steps T . The state of the system
is given by
|ψ〉 =
∑
x,c1,...,cT
αx,c1,...,cT |x〉 ⊗
 T⊗
j=1
|cj〉
 , (8)
where each cj = 0, 1. The i-th step of the evolution is
given by
Ui = Si(1 x ⊗ 1 c ⊗ . . .⊗ Ci ⊗ . . . 1 c), (9)
where Si is the position shift conditioned on the i-th coin
Si|x〉 ⊗
 T⊗
j=1
|cj〉
 = |x+ (−1)ci〉 ⊗
 T⊗
j=1
|cj〉
 (10)
and Ci is the coin toss of the i-th coin. We choose Ci = H
for all i. The state after T steps is
|ψT 〉 = ΠTi=1Ui|ψ0〉. (11)
Due to the fact that for i 6= j we have
Si(1 x ⊗ 1 c ⊗ . . .⊗ Cj ⊗ . . . 1 c) =
(1 x ⊗ 1 c ⊗ . . .⊗ Cj ⊗ . . . 1 c)Si, (12)
we can write
|ψT 〉 =
(
ΠTi=1Si
) (
1 x ⊗H⊗T
)
|ψ0〉, (13)
where we explicitly used the Hadamard transformation
for all coins. Therefore, the coin operations can be ap-
plied before the particle starts to move. In fact, they can
be included in the preparation of the initial state
|φ0〉 ≡
(
1 x ⊗H⊗T
)
|ψ0〉, (14)
3which gives
|φT 〉 ≡ |ψT 〉 =
(
ΠTi=1Si
) |φ0〉. (15)
Note, that because of the above, the particle in the
MCQW model can be considered as a kind of automa-
ton capable of moving left or right, depending on the
programme which is fed into it. In our case it is a quan-
tum automaton that is fed with a programme encoded
on the initial multi-coin state. The programme contains
all information about displacements and can be in a su-
perposition.
The initial multi-coin state can be of any form. It could
be entangled, which would lead to observable effects in
the resulting spatial distribution [14]. However, in this
work we focus on the following separable initial state
|φ0〉 =
(
1 x ⊗H⊗T
)
|x = 0〉 ⊗ |0〉⊗T
= |x = 0〉 ⊗ 1√
2T
1∑
c1,...,cT=0
|c1 . . . cT 〉, (16)
where we used the shorthand notation |c1〉⊗ . . .⊗ |cT 〉 ≡
|c1 . . . cT 〉.
Next, let us apply the shift operations
|φT 〉 =
(
ΠTi=1Si
) |φ0〉 = (17)
=
1√
2T
1∑
c1,...,cT=0
|(−1)c1 + . . .+ (−1)cT 〉 ⊗ |c1 . . . cT 〉.
The spatial probability distribution resulting from |φT 〉
is
p(x, T ) = 〈φT |(|x〉〈x| ⊗ 1⊗Tc )|φT 〉. (18)
For (17) the above turns out to be the classical diffu-
sive Gaussian distribution, because each particle’s path
is encoded on a different multi-coin state.
III. RESULTS
We consider a measurement of the multi-coin state af-
ter T steps. The goal is to erase the which-way infor-
mation from the coin registers and observe how this af-
fects the spatial probability distribution. In particular,
we would like to obtain the DTQW distribution and the
one that is as uniform as possible.
Analysis of |φT 〉
Let us discuss in details properties of the state (17). It
is entangled between the position and the coins. Note,
that although the sum has 2T terms, the correspond-
ing Schmidt rank (in this case the rank of the reduced
density matrix of the position/coins degree of freedom)
is T + 1. This is because the position is in the range
x ∈ [−T, T ] and only every second position is occupied,
i.e., x ∈ {T, T − 2, . . . ,−T}.
It is useful to represent (17) in the Schmidt form [15]
|φT 〉 =
T∑
k=0
γk|x = 2k − T 〉 ⊗ |Γk〉, (19)
where
γk =
√(
T
k
)
2−T (20)
and |Γk〉 is the Dicke state [16]
|Γk〉 = 1√(
T
k
) ∑
i
σi
(
|1〉⊗k ⊗ |0〉⊗(T−k)
)
. (21)
In the above
(
T
k
)
is a binomial coefficient and the sum
in (21) is taken over all different permutations σi of the
multi-coin state with k ones and T − k zeros. The coins
in the Dicke states are multipartite entangled (see for ex-
ample [17]). In addition, the terms in (21) correspond to
all possible paths the particle can take to get to position
x = 2k − T . Note that(
ΠTi=1Si
) |x〉 ⊗ |Γk〉 = |x+ 2k − T 〉 ⊗ |Γk〉, (22)
therefore the initial state (16) can be represented as
|φ0〉 = |x = 0〉 ⊗
T∑
k=0
γk|Γk〉. (23)
The binomial form of coefficients γk is the reason why
the above state leads to the classical Gaussian distribu-
tion. Due to the same reason the state (19) is not maxi-
mally entangled. It would be maximally entangled if the
coefficients γk were uniform.
Since we are also interested in obtaining as uniform
spatial distributions as possible, it is useful to introduce
the momentum-like basis {|m〉}
|x = 2k − T 〉 = 1√
T + 1
T∑
m=0
ei
2pi
T+1km|m〉, (24)
|m〉 = 1√
T + 1
T∑
k=0
e−i
2pi
T+1km|x = 2k − T 〉. (25)
The states |m〉 correspond to uniform spatial distribu-
tions in the region that can be occupied by particle after
T steps. Next, we represent the state (19) in the new
basis
|φT 〉 = 1√
T + 1
T∑
m=0
|m〉 ⊗
(
T∑
k=0
γke
i 2piT+1km|Γk〉
)
(26)
≡ 1√
T + 1
T∑
m=0
|m〉 ⊗ |Gm〉.
4The above may look like a maximally entangled state,
however the states
|Gm〉 =
T∑
k=0
γke
i 2piT+1km|Γk〉 (27)
are not orthogonal.
Because the state (19) (alternatively (26)) is not max-
imally entangled, the manipulation capabilities of the
spatial probability distribution by measurements on the
multi-coin state are limited. For example, if one pro-
jected the multi-coin state onto |Gm〉, the spatial state
would not be given by |m〉, but by a superposition∑
m′ αm′ |m′〉, where the coefficients αm′ are proportional
to 〈Gm|G′m〉. Such a superposition does not correspond
to a ballistic distribution. Therefore, we need to look
for more sophisticated erasure strategies to observe a
diffusive-to-ballistic transition in our model.
Which-way information erasure
Imagine that after the MCQW evolution the multi-coin
state is measured and the outcome corresponding to the
projector Π is registered. Due to the quantum nature of
the measurement process, the original multi-coin state is
altered and the new spatial probability distribution is
p(x, T |Π) = 1N 〈φT |(|x〉〈x| ⊗Π)|φT 〉, (28)
where
N =
T∑
x=−T
〈φT |(|x〉〈x| ⊗Π)|φT 〉. (29)
For the state (19) the conditional spatial probability dis-
tribution is
p(x = 2k − T, T |Π) = 1N |γk|
2〈Γk|Π|Γk〉. (30)
The non-maximal entanglement between the position and
the coins allows to manipulate the distribution by factors
〈Γk|Π|Γk〉 ∈ [0, 1].
Although the projector Π is in general defined in the
2T -dimensional space, it is useful to confine it to the (T+
1)-dimensional subspace on which the multi-coin state is
supported. Let Π = |pi〉〈pi| be a rank-1 projector, such
that
|pi〉 =
T∑
k=0
αk|Γk〉, (31)
where
∑
k |αk|2 = 1. The equation (30) becomes
p(x = 2k − T, T |Π) = 1N |γk|
2|αk|2. (32)
Given a conditional probability distribution p(x, T |Π),
the coefficients αk can be expressed in the following form
αk =
√Np(x = 2k − T, T |Π)
γk
. (33)
Recovering DTQW distribution
Our next goal is to recover the Hadamard walk dis-
tribution p(x, t|Π) (see Fig. 1). It was evaluated using
combinatorial methods in [18–21] as
p(x = 2k−T, T |Π) = |ψ0(2k−T )|2+ |ψ1(2k−T )|2, (34)
where
ψ0(2k − T ) =
∞∑
j=0
(−1)T−k−j√
2T
(
T − k − 1
j − 1
)(
k
j
)
, (35)
ψ1(2k − T ) =
∞∑
j=0
(−1)T−k−j−1√
2T
(
T − k − 1
j
)(
k
j
)
.(36)
The summation index goes to infinity, but we use the
convention
(
x
y
) ≡ 0 if y > x or y < 0, therefore the
number of non-zero terms is finite.
The above formula does not work for k = 0, T , in which
case p(x = ±T, T |Π) = 2−T . The distribution (34) cor-
responds to the DTQW initial state |x = 0〉 ⊗ |0〉. The
distribution for the initial state |x = 0〉 ⊗ |1〉 is the same
as the one above, but mirror reflected with respect to
x = 0. Finally, the distribution for the initial state
1√
2
|x = 0〉⊗(|0〉±i|1〉) is an even mixture of the previous
two.
The states |pi〉 ≡ |pi(T )〉, onto which the multi-coin
state is projected, can be evaluated using Eqs. (31) and
(33). For example, the state |pi(5)〉 can be represented in
the Dicke basis as
|pi(5)〉 =
√
N5
(
1,
√
11
5
,
√
2
5
,
√
2
5
,
√
11
5
, 1
)T
, (37)
where N5 = 5/36 and T denotes the transposition. The
normalization coefficients NT (the probabilities of suc-
cessful projection) are presented in Fig. 2 for the first
few values of T .
Let us also discuss one important issue. For the first
few steps the classical Gaussian distribution and the
Hadamard one are the same. Let us focus on T = 1.
In this case the coefficient N1 = 1/2, but there is no
point to project the coin onto
|pi(1)〉 = 1√
2
(|Γ0〉+ |Γ1〉) = 1√
2
(|0〉+ |1〉), (38)
since the spatial distribution is already in the desired
state. It is best to do nothing. This suggests that there
might be a better measurement strategy, even for arbi-
trary T .
Uniform distribution
The Hadamard distribution is quite peculiar. Apart
from ballisticity, which is its most celebrated feature, it
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FIG. 2: First few coefficients NT for the path erasure scenario
leading to the Hadamard walk distribution. The value of
each coefficient corresponds to the probability of successful
projection of the multi-coin state onto the state |pi(T )〉.
is quite non-uniform. This results in highly complicated
form of Π. The same is true for any other DTQW distri-
bution. However, if we limit ourselves solely to ballistic
behaviour, we can focus on much simpler distributions –
the uniform ones p(x, T |Π) = 1T+1 .
Let us recall the state (19) and its alternative form
(26). The corresponding reduced multi-coin state is given
by
ρc =
T∑
k=0
|γk|2|Γk〉〈Γk| = 1
T + 1
T∑
m=0
|Gm〉〈Gm|. (39)
Although the states {|Gm〉} are not orthogonal, they ex-
hibit a particular symmetry. Consider a unitary operator
V =
T∑
k=0
ei
2pi
T+1k|Γk〉〈Γk| (40)
and its action on states (27)
V n|Gm〉 = |Gm+n〉. (41)
The operator V generates a cyclic permutation of these
states.
We aim to obtain a uniform spatial distribution, there-
fore we need to detect only one of T + 1 non-orthogonal
states {|Gm〉} in the mixture (39). However, discrimina-
tion between non-orthogonal states cannot be done with
perfect efficiency [22]. Nevertheless, it is possible to use
probabilistic methods, which sometimes lead to incon-
clusive results. Here we are going to use the special case
of the maximum confidence quantum measurements de-
veloped in [23]. The authors of this work showed that
for a set of (non-orthogonal) pure states {|ψi〉} and the
density operator of the form
ρ =
∑
i
pi|ψi〉〈ψi|, (42)
where {pi} are probabilities, the optimal positive opera-
tor valued measure (POVM) to distinguish between these
states is given by the set of operators {Πi} such that
Πi ∝ ρ−1|ψi〉〈ψi|ρ−1. (43)
In our case
ρ−1c =
T∑
k=0
|γk|−2|Γk〉〈Γk| (44)
and
ρ−1c |Gm〉 =
T∑
k=0
γ−1k e
i 2piT+1km|Γk〉 ≡ |G˜m〉, (45)
therefore the POVM elements are proportional to
|G˜m〉〈G˜m|.
The unnormalized set {|G˜m〉} obeys the same symme-
try as {|Gm〉}, i.e.,
V n|G˜m〉 = |G˜m+n〉. (46)
In addition, it has an important property
〈G˜m|Gn〉 = (T + 1)δm,n, (47)
where δm,n is the Kronecker delta. Therefore, the ele-
ment corresponding to |G˜m〉〈G˜m| is registered only if the
multi-coin state was |Gm〉. As a result, the entanglement
between the coins and position causes the position state
to collapse onto the uniformly distributed state |m〉. The
which-way information erasure is successful.
The set of our POVM elements is given by
Πm = ηm|G˜m〉〈G˜m|, (48)
where ηm are non-negative coefficients chosen to satisfy
0 ≤ Πm ≤ 1 ,
T∑
m=0
Πm ≤ 1 . (49)
There is an additional element Π? such that
0 ≤ Π? ≤ 1 , Π? +
T∑
m=0
Πm = 1 . (50)
The procedure fails if the outcome corresponding to Π?
is registered.
The set {ηm} constitutes a measurement strategy. In
the following part we choose all ηm = η since the multi-
coin state (39) is an even mixture of |Gm〉 and we do
not favour any of the states |m〉. The goal is to find the
maximal possible value of η. It is equal to 1/λmax, where
λmax is the largest eigenvalue of
T∑
m=0
|G˜m〉〈G˜m| =
T∑
m,k,k′=0
γ−1k γ
−1
k′ e
i 2piT+1 (k−k′)m|Γk〉〈Γk′ |.
(51)
6Because of symmetry (46) and due to the fact that
T∑
m=0
ei
2pi
T+1 (k−k′)m = (T + 1)δk,k′ , (52)
we get
T∑
m=0
|G˜m〉〈G˜m| = (T + 1)
T∑
k=0
γ−2k |Γk〉〈Γk|. (53)
The largest eigenvalue corresponds to k = 0 or k = T ,
for which γ−20 = γ
−2
T = 2
T , hence
η =
1
2T (T + 1)
. (54)
Therefore, using Eq. (47), we find that the probability
of detecting state |Gm〉 is
〈Gm|Πm|Gm〉 = 2−T . (55)
Next, observe that in order to obtain the uniform dis-
tribution it is enough to detect any of the states |Gm〉.
As a result, the probability of successful which-way in-
formation erasure is
Psuccess = (T + 1)2
−T . (56)
Note, that this probability of success is optimal. This
is because if the conditional distribution q(x) originates
from p(x) with probability Psuccess, then Psuccessq(x) ≤
p(x) for all x. Therefore, the optimal probability is given
by Psuccess = minx{p(x)/q(x)}. In our case q(x) =
1/(T+1) for all allowed positions and the minimal p(x) is
2−T , hence the optimal probability is (T + 1)2−T , which
agrees with (56).
The above probability may seem small, however note
that the conditional uniform distribution is radically
different than the original Gaussian one. It is some-
how expected that extreme measurement-induced effects
are not occurring with high probability [1]. Neverthe-
less, the probability (56) is not hopelessly bad from
the experimental point of view. Note that many quan-
tum walk implementations are done on heralded single
photon sources based on spontaneous parametric down-
conversion (SPDC) (see for example [12, 24–28]). The
common SPDC source generates up to 106 entangled pho-
ton pairs per second. Therefore, for sufficiently low T one
should be able to collect enough data in reasonable time.
As a side note, for large T the problem would rather be
to construct the MCQW setup than to collect the data.
Finally, let us discuss what happens if the outcome
corresponding to the element
Π? = 1 −
T∑
m=0
Πm =
T∑
k=0
(
1− k!(T − k)!
T !
)
|Γk〉〈Γk|
(57)
is registered. Since Π? complements the set {Πm} to
identity, the corresponding spatial distribution needs to
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FIG. 3: Spatial probability distributions for T = 6. Left –
original Gaussian distribution. Middle – conditional distribu-
tion after registering outcome corresponding to Π?. Right –
conditional distribution after registering outcome correspond-
ing to one of the operators from the set {Πm}. The condi-
tional distributions are not normalized in order to show their
relation to the original one. Instead, they are multiplied by
1− Psuccess and Psuccess, respectively.
complement the conditional uniform distribution to the
original Gaussian one. More precisely, just like above,
let p(x) be the original Gaussian distribution, q(x) be
the conditional uniform one and r(x) be the conditional
one corresponding to Π?. We have
p(x) = Psuccessq(x) + (1− Psuccess)r(x), (58)
therefore
r(x) =
p(x)− Psuccessq(x)
1− Psuccess . (59)
An example of these three distributions is presented in
Fig. 3 for T = 6.
IV. CONCLUSIONS
We proposed a protocol for the erasure of which-way
information in the MCQW model. It can change the
spatial probability distribution and its importance stems
from the fact that the change is caused by a measurement
on the auxiliary multi-coin degree of freedom. In partic-
ular, we showed that one can obtain two ballistic distri-
butions, the Hadamard walk one and the uniform one,
from the diffusive Gaussian distribution. Therefore, our
protocol leads to a diffusive-to-classical transition, which
can be interpreted as a special type of the classical-to-
quantum transition.
Our results show new fundamental connections be-
tween classical and quantum walks and they exploit the
entangling and manipulation properties of the model.
The protocol can be considered a delayed choice mea-
surement [12], since the choice of whether to measure
and what to measure can be done after the particle per-
formed the walk. The erasure of which-way information
7happens, because the post-measurement state does not
contain the information about the path. This is because
the measurements used by us are complementary to the
basis which encodes the path information.
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